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Wavelet publications
 Importance of wavelets in #publications

 Overview articles:
 Unser and Aldroubi, Proc IEEE, 1996
 Laine, Annual Rev Biomed Eng, 2000
 Special issue, IEEE Trans Med Im, 2003
 Van De Ville et al., IEEE EMBM, 2006

3Source: ISI Web of Science 
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Wavelets: Haar transform revisited
 Simplest wavelet transform

 Haar transform
Alfred Haar

1885-1933

[Haar, Mathematische Annalen, 1910]



Multiresolution analysis of L2
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Signal representation

s0(x) =
!

k!Z
c[k]!(x! k)

Scaling function

!(x)

s0(x)

Multi-scale signal representation

si(x) =
!

k!Z
ci[k]!i,k(x)

Multi-scale basis functions

!i,k(x) = !

"
x! 2ik

2i

#

  

s1(x)

  

s2(x)

  

s3(x)



Multiresolution analysis of L2
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s ! V(0)

s1 ! V(1)

Two-scale relation ! V(i) " V(j), for i # j

Partition of unity !
!

i!Z V(i) = L2(R)

s2 ! V(2)

s3 ! V(3)

1 1

Multiresolution basis functions: !i,k(x) = 2!i/2!
!

x!2ik
2i

"

Subspace at resolution i:

V(i) = span {!i,k}k"Z

Riesz basis generator (!c " !2)

A · #c#!2 $

!!!!!
"

k!Z
c[k]"(x% k)

!!!!!
L2

$ B · #c#!2
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ri(x) = si!1(x) ! si(x)

   

+

-

Wavelet:
!(x)
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Haar revisited

r1(x) =
!

k

d1[k]!1,k

r2(x) =
!

k

d2[k]!2,k

r3(x) =
!

k

d3[k]!3,k

s3(x) =
!

k

c3[k]"3,k

!(x) s(x) =
!

k

c[k]"(x! k)
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Haar revisited

r1(x) =
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d1[k]!1,k

r2(x) =
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!(x) s(x) =
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k
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1

Wavelet:
!(x)



Signal processing perspective
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Splitting and putting together again ... = fast, efficient, non-redundant!

Perfect reconstruction filterbank

ave! 2

! 2! 2

! 2

diff

ave

diff

3

Tree-structured wavelet transform

Identity operator:

1

2

2ʼ

3ʼ

1ʼ
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From scaling functions to wavelets...
 Wavelet bases of L2 [Mallat-Meyer, 1989]

1 -1

Theorem: For any given valid scaling function of L2(R), !(x), there
exists a wavelet "(x/2) = 2

!
k!Z g[k]!(x ! k) such that the family

of functions
"

2"i/2"
#

x"2ik
2i

$%

i!Z,k!Z

forms a Riesz basis of L2(R).



... and to filterbanks
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fast and efficient!

Perfect reconstruction filterbank

! 2

! 2! 2

! 2! 

2 ˜ H (z
"1

)

! 

2 ˜ G (z
"1

) ! 

2H(z)

! 

2G(z)

x[k] xout[k]

H(z) ! 2 ! 2

downsampling upsamplingfiltering

(h ! x)[k] =
!

l!Z
h[l]x[k " l]

z#$ H(z) · X(z)
(x)!2"2[k] z!" 1

2
(X(z) + X(#z))

si+1[k]

wi+1[k]



The lego revisited
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 Continuous derivative  Discrete version (finite difference)

 Construction of the B-spline of degree 0

Step function: x0
+ = D!1{!(x)}

"0
+(x) = x0

+ ! (x! 1)0+ = !1
+D!1{!(x)}

"n
+(x) = !n+1

+ D!(n+1){!(x)} =
!n+1

+ xn
+

n!

"̂n
+(#) =

!
1! e!j!

j#

"n+1

=
(1! e!j!)n+1

(j#)n+1

"f # S", !m
+f(x) = "m!1

+ $Dmf(x)

Dm"n
+(x) = !m

+"n!m
+ (x)

4

Step function: x0
+ = D!1{!(x)}

"0
+(x) = x0

+ ! (x! 1)0+ = !1
+x0

+

"n
+(x) = !n+1

+ D!(n+1){!(x)} =
!n+1

+ xn
+

n!

"̂n
+(#) =

!
1! e!j!

j#

"n+1

=
(1! e!j!)n+1

(j#)n+1

"f # S", !m
+f(x) = "m!1

+ $Dmf(x)

Dm"n
+(x) = !m

+"n!m
+ (x)

4

 Fourier domain formula
Discrete operator (finite difference)

Continuous operator (derivative)

The lego

D{·} =
d
dx

F!" j!

!+{·} F!" 1# e!j!

"̂0
+(!) =

1# e!j!

j!

5

D{·} =
d
dx

F!" j! !+{·} F!" 1# e!j!
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Beyond legos: fractional splines

[Unser & Blu, SIAM Rev, 2000]

    

Fractional B-splines

!0
+(x) = !+x0

+
F!" 1# e!j!

j"

Property
!
!!

+(x! k)
"

k!Z is a valid scaling function for any " > ! 1
2

!!
+(x) =

!!+1
+ x!

+

"(" + 1)
F!"

!
1# e!j"

j#

"!+1

One-sided power function: x!
+ =

#
x!, x > 0
0, x $ 0



Binomial refinement filter
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Example: piecewise linear splines: ! = 1

Dilation by a factor of 2

!!
+(x/2) = 2

!

k!Z
h!

+[k]!!
+(x! k)

Generalized binomial filter

h!
+[k] =

1
2!+1

!
! + 1

k

"
z!" H!

+(z) =
!

1 + z!1

2

"!+1

where
#u

v

$
=

!(u + 1)
!(v + 1)!(u# v + 1)

Hint for the proof:

H!
+(ej") =

!̂!
+(2")
!̂!

+(")
=

!
1 + e!j"

2

"!+1
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Fractional B-spline wavelets

 Remarkable property
Each of these wavelets generates a semi-orthogonal basis of L2

!!
+(x/2) =

!

k!Z

(!1)k

2!

!

n!N

"
" + 1

n

#
#2!+1
" (n + k ! 1)

$ %& '
2g[k]

#!
+(x! k)

[Unser & Blu, SIAM Rev, 2000]



Other popular wavelet families
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Implicit definition: solution of two-scale relation

!(x/2) = 2
!

k!Z
h[k]!(x! k)

Daubechies wavelets

Shortest orthogonal filter such that:

H(z) = (1 + z!1)LQ(z) (order constraint)

Daubechies wavelet: L=2

1088 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 12, NO. 9, SEPTEMBER 2003

Fig. 5. Synthesis Daubechies JPEG filter of length 7 and corresponding scaling function.

Fig. 6. Fourier approximation kernel corresponding to Daubechies JPEG 9/7,
compared to Daubechies of same order.

APPENDIX B

ASYMPTOTICS OF SINGLE SCALE WAVELET EXPANSIONS

Let us define the general linear approximation operator at

scale

(19)

which is associated with the pair of analysis/synthesis functions

—not necessarily biorthogonal.

By using the exact same proof as for the derivation of (18),

we establish the formula

(20)

where . This result holds for any

pair ; in particular, for and , which

corresponds to the wavelet projector at scale . The cru-

Biorthogonal splines (Cohen-Daubechies-Feauveau)

JPEG2000 wavelets

biorthogonal 5/3: linear spline
(2 vanishing moments)

biorthogonal 9/7: symmetric, near-orthogonal
(4 vanishing moments)

9/7 scaling function

Basic paradigm: PR filterbank design
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Time-frequency localization

€ 

ω

€ 

x

frequency

time or space

n!0

Fourier transform
Basis functions =
complex sinusoids

cos(!nx) + j sin(!nx)

No time/space localization

!2
x = min

x0

!
R(x! x0)2|g(x)|2dx!

R |g(x)|2dx

!2
! = min

!0

!
R(! ! !0)2|ĝ(!)|2d!!

R |ĝ(!)|2d!

For g(x) = exp(j!nx), we
have !2

x =", !2
! = 0
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Time-frequency localization

€ 

ω

€ 

x

frequency

time or spacemT

n!0

Short-time Fourier transform
Time-frequency atoms

w(x!mT ) exp(!jn!0(x!mT ))

with windowing function w(x)
localized at (mT, n!0)

Balian-Low theorem:
short-time Fourier transform at crit-
ical sampling (T!0 = 2") then
!2

x =" or !2
! ="

in other words:
w(x) = 1 or w(x) = #(x)

[Benedetto et al., 1994]
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Time-frequency localization

€ 

ω

€ 

x

frequency

time or space

!2
x!2

! = Const.

Heisenberg’s uncertainty relation:

!2
x!2

! !
!

2

Equality iff

g(x) = a · exp
!
"b(x" x0)2 + j"0x

"

Wavelets

Wavelet basis can be designed to be
“Gabor-like”

Smoothing kernel is scale-dependent



Linear and non-linear approximation
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Linear approximation in an orthonormal basis {gn}

fM =
!

n!SM

!f, gn" gn

where SM is a preselected containing M terms (independent of f )
Error (mean squared error) is !M = #f $ fM#2 =

"
n/!SM

|!f, gn"|2

(e.g., M first coefficients)

Non-linear approximation

f̃M =
!

n!S̃M

!f, gn" gn

where S̃M denotes the best non-linear approximation of size M (dependent on f ):

S̃M : |!f, gn"|n!S̃M
% |!f, gm"|m/!S̃M

(M largest coefficients, therefore !̃M & !M )



Non-linear approximation
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0 1
!

2
!1

“If we are interested in transient phenomena – a word pronounced at a 
particular time, an apple located in the left corner of an image – the Fourier 

transform becomes a cumbersome tool.”  Stéphane Mallat (1998)

€ 

ω

€ 

x

! 1
j!

Wavelet basis (Haar)
non-linear: !̃M ! 1/2M

€ 

ω

€ 

x

“cone
of

influence”

Non-linear approximation depends on the basis

Fourier series
linear: !M ! 1/M

non-linear: !̃M ! 1/M



Non-linear approximation
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Fall 2006 - 39

Non-linear Approximation ExampleNon-linear Approximation Example

Fourier basis: N=1024, M=64, linear versus nonlinear

• Nonlinear approximation is not necessarily much better!

D= 2.7

D= 2.4

Wavelet !

Detects singularities

Kills polynomial trends

!!i,k(x), xn" = 0

for n = 0, . . . , N # 1 where
N is the number of vanishing
moments

Scaling function !

Captures smooth trends

Reproduces polynomials

xn =
!

k!Z
kn ! (x! k)

for n = 0, . . . , N ! 1



Fall 2006 - 39

Non-linear Approximation ExampleNon-linear Approximation Example

Fourier basis: N=1024, M=64, linear versus nonlinear

• Nonlinear approximation is not necessarily much better!

D= 2.7

D= 2.4

Fall 2006 - 40

Non-linear Approximation ExampleNon-linear Approximation Example

Wavelet basis: N=1024, M=64, J=6, linear versus nonlinear

• Nonlinear approximation is vastly superior!

D= 3.5

D= 0.01

[Freely adapted from Vetterli, MTNS 2006]

original

Fourier series, linear approximation

Fourier series, non-linear approximation

Haar wavelets, linear approximation

Haar wavelets, non-linear approximation

Test signal of length 1024
approximation using M = 64 terms



Extension to higher dimensions: separability
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Split rows Split columns

Tensor-product basis functions:
!k1,··· ,kp(x1, · · · , xd) = !k1(x1)! !k2(x2) · · ·! !kd(xd)

HL LHLL

HHHL

CAT PET scan

and iterate ...

↓ 2

↑ 2↓ 2

↑ 2€ 

2 ˜ H (z−1)

€ 

2 ˜ G (z−1) € 

2H(z)

€ 

2G(z)

si[k]

si+1[k]

si[k]

wi+1[k]



Non-linear approximation in 2-D
 Essential property of the wavelet transform

 energy compaction
 less large wavelet coefficients 

 signal singularities
 only have local effect (“cone of influence”)

25

Wavelet transform

Inverse wavelet transform

Discarding “small coefficients”
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(a) (b) (c) (d)

Fig. 3. (a) A Piet Mondrian’s (1872 - 1944) painting. This painting inspires the class of images Mondrian(k1,k2). The image is transformed

by the three transforms: (b) standard WT, (c) FSWT, (d) AWT(2,1) with 1-D wavelet fi lters having enough vanishing moments.

the anisotropic M-DIR transforms. We show that the achievable approximation scaling law is O(N!1.55), where

N is the number of retained coeffi cients. Finally, we conclude and give the directions of future work in Section V.

II. ANISOTROPIC 2-D WAVELET DECOMPOSITIONS

As explained in Section I, the standard WT produces isotropic basis functions, which fail to provide a sparse

representation of edges and contours. However, a new modifi ed method that we propose retains the 1-D fi ltering

and subsampling operations and can provide anisotropy, as we show next. In the sequel of this section, we give

two examples of constructions of the anisotropic transforms that still inherit the simplicity of processing and fi lter

design from the standard WT. Furthermore, these two anisotropic transforms are critically sampled and lead to

perfect reconstruction.

A. Fully Separable Decomposition

Defi ne a simple class of piecewise polynomial images, denoted as Mondrian(k1,k2) and inspired by the

geometrical period of Piet Mondrian
1
(Fig. 3(a)) [27].

Definition 1: The class Mondrian(k1,k2) contains M ! M piecewise polynomial images with k1 horizontal

and k2 vertical discontinuities.

The class Mondrian(k1,k2) is not effi ciently represented by the standard WT. The discontinuities lead to too

many nonzero coeffi cients, as shown in the lemma below and in Fig. 3(b).

Lemma 1: Given an M ! M pixel image from the class Mondrian(k1,k2), the number of nonzero transform

coeffi cients produced by the standard WT with the 1-D wavelets having enough vanishing moments
2
is given by

N = O ((k1 + k2)M) . (1)

1
The Dutch painter established neoplasticism and De Stijl in Europe in the beginning of the 20th century. The painting shown in Fig. 3(a)

is from his geometrical period (1930)

2
A polynomial of the nth order is annihilated by a wavelet that has at least n + 1 vanishing moments.

DRAFT December 23, 2004

But,...
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One-dimensional wavelets are good for point singularities

Spike, discontinuity, . . .

!(x1)!(x2)!(x1)"(x2) !(x1)"(x2)

Still needs an efficient represen-
tation in the other direction

Directionlets [Velisavljevic et al., 2007]

Grouplets [Peyré, Mallat, 2009]
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... and images are different
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texture

smooth surface

smooth boundary

Images have other type of singularities



Non-separable wavelet design
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Ongoing theme in compression, vision, and filterbanks

State-of-the-art

Data-adaptive techniques

– Bandelets [LePennec, Mallat], Grouplets [Peyré, Mallat]

– Non-linear tilings [Cohen, Mattei]

– Tree-structure approaches [Shukla, Vetterli; Baraniuk et al.]

Bases and frames

– Wedgelets [Donoho], Ridgelets [Candes, Donoho]

– Curvelets [Candes, Donoho]

– Contourlets [Do, Vetterli]

– Steerable pyramids [Simoncelli]

– (Complex) dual-tree wavelets [Kingsbury, Selesnick]



Part I: Conclusion
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Existence of wavelet bases of L2(Rd) (one-to-one representation)

Basis functions are dilations and translates of a single template

Decomposition of a signal/image across scale

! Control of the level of detail: from “Duplos” to “Legos”

Vanishing moments, derivative-like behavior

! Sparse representation of piecewise-smooth signals

Natural signals tend to have few large wavelet coefficients

! Non-linear approximation, regularization, compressed sensing, . . .

Joint time-frequency localization

Multi-dimensional extensions

– Improve translation invariance (pyramid-style decompositions)

– Improve rotation invariance (steerability)



 Two universal applications of wavelets
 Denoising:

thresholding of wavelet coefficients
 Inverse problems:

reconstruction using regularization in wavelet domain
 Applications

 Microscopy: deconvolution
 dPET: spatiotemporal reconstruction in dynamic 

positron emission tomography
 MRI: reconstruction in parallel magnetic resonance imaging
 Brain mapping: high spatial-resolution statistical parametric 

mapping in functional MRI
 Activelets: wavelets tailored to signals governed by the 

hemodynamic response (BOLD fMRI) 

30

Part II: Wavelets in medical imaging



First published paper on biomedical applications

31



Denoising and wavelet regularization
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!

2

u

v = T!(u)

Basic idea

Orthogonal WT: white noise! white noise

Signal is concentrated in few coefficients, while noise is spread-out evenly

" Noise attenuation is achieved by simple wavelet shrinkage/thresholding

Who gets credit ?

The celebrated statistician
D.L. Donoho, “De-noising by soft-thresholding,” IEEE Trans. Information Theory, vol. 41, no. 3,

pp. 613-627, May 1995. (> 800 ISI citations)

The pioneers
B. Weaver, X. Yansun, D.M. Healy Jr., and L.D. Cromwell, “Filtering noise from images with

wavelet transforms,” Magnet. Reson. in Med., vol. 21, no. 2, pp. 288-295, 1991.



Denoising and wavelet regularization
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Measurement model

Space domain Wavelet domain

Orthogonal wavelet transform:

wi[k] = !y, !i,k" (signal + noise)

si[k] = !f,!i,k" (signal)

ni[k] = !n, !i,k" (noise)

y = f + n ! wi[k] = si[k] + ni[k] (additive white noise)

Signal estimation

Data term: !y " f̃!22 = !w " w̃!22 (Parseval)

Traditional regularization: !!f̃!22 (Tikhonov) # leads to Wiener-like solution

Wavelet regularization: R(f̃) = R(w̃) = !w̃!!1 =
!

i

!

k

|w̃i[k]| ! !f̃!B1
1(L1(R2))

Optimization problem: w̃ = arg min
w̃

!
!w " w̃!2

2 + !!w̃!!1

"



Sparsity and l1-minimization

34

v1

v2

!2-ball: |v1|2 + |v2|2 = Constant

!1-ball: |v1| + |v2| = Constant

(ũ1, ũ2)

min
v

!
!u" v!2!2 + ! !v!!1

"
# min

v
!u" v!2!2 subject to !v!!1 = C1

smallest !2-distance to u

Prototypical denoising problem

min
v

!
!u" v!2!2 + ! !v!2!2

"
# min

v
!u" v!2!2 subject to !v!!2 = C2



Wavelet domain solution
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Basic scalar optimization problem

minimize J(u, v) = (v ! u)2 + !|v|

!

2

u

v = T!(u)

[Chambolle et al., IEEE Trans. Image Proc. , 1998]

Equivalent convex optimization problem (decoupled)

w̃ = arg min
w̃

!
"

i

"

k

|wi[k]! w̃i[k]|2 + !i|w̃i[k]|
#

Soft threshold solution
dJ
dv = 2(v ! u) + ! sign(v) = 0, u "= 0

# v = T!(u) =

!
"#

"$

u! ! /2, ! /2 < u

0, |u| $ ! /2
u + ! /2, u < !! /2



Wavelet-regularized reconstruction
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Space-domain measurement model

y = Hf + n

Wavelet-regularized signal recovery

Wavelet expansion of signal: f̃ = Ww̃

Data term: !y "Hf̃!22 = !y "HWw̃!22

Wavelet-domain sparsity constraint: !w̃!!1 # C1

H: system matrix (image formation)

n: additive noise component

Convex optimization problem:

w̃ = arg min
w

!
!y "Aw!2

2 + !!w!!1

"
with A = HW



Daubechiesʼ alternating optimization
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[Daubechies et al., ACHA , 2004]

Convex cost functional: J(f) = !y "Hf!22 + !!WT f!1

Majorize-Minimize strategy: Upper bound with " # !max(HT H)

J̃(f |fn) = J(f) + "||f " fn||2 " !H(f " fn)!22 # J(f)

= "!f "
!
fn + "!1HT (y "Hfn)

"
# $% &

z

!22 + !!WT f!1 + c

= "!WT f "WT z!22 + !!WT f!1 + c

Thus, minimization of J̃(f |fn) is equivalent to wavelet denoising of z (Step 2)

Iterative Thresholded Landweber (TL) Reconstruction

1. Initialization (n! 0), f0 = y

2. Bound computation: z = fn + !!1HT (y "Hfn) (Landweber update)

3. Wavelet denoising: w = WT z, w̃ = T!!1"{w} (soft threshold)

4. Signal update: fn+1 !Ww̃ and repeat from Step 2 until convergence
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FTLTL

H circulant ! decoupled optimization across subbands

"HWw"22 =
!

j!S

"HWjwj"22 #
!

j!S

!j"Wjwj"22 =
!

j!S

!j"wj"22

Characteristics of Shannon’s wavelet basis

Orthonormality

Wavelet subspaces correspond
to ideal frequency subbands

[Vonesch-Unser, IEEE-TIP, 2008]

! Substantial acceleration of TL, can be generalized for all wavelets
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wavelet-regularized deconvolution

[Vonesch, Unser, IEEE ISBI, 2007; Vonesch, Unser, Wavelets XII, 2007; Vonesch, Unser, IEEE-TIP, 2008]

 FTL wavelet deconvolution
(5 iterations)

 TL wavelet deconvolution
(5 iterations)

Widefield Confocal reference
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space

time

ill-posed inverse problem

no regularization temporal reg.
Measurement model (bin b): yb(!) = Hb{f(·, ·, ·)}(!) + noise

Spatio-temporal model

f(x1, x2, !) =
I0!

i=1

!

k!Z3

wi,k"i,k(x1, x2, !) ! f = Ww

Adapted spatio-temporal wavelets
"i,k(x1, x2, !) = "i,k1,k2(x1, x2) · "i,k3(!)

2D+t reconstruction as a global convex optimization problem

w̃ = arg min
w

"
"y #HWw"22 + #"w"!1

#

[Verhaeghe, VDV, Khalidov, Lemahieu, Unser; IEEE TMI, 2008]
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Compartmental model (TAC)

Adapted E-spline wavelets

VERHAEGHE et al.: DYNAMIC PET RECONSTRUCTION USING WAVELET REGULARIZATION WITH ADAPTED BASIS FUNCTIONS 947

Fig. 3. Schematic representation of the cascade of systems transforming the
injection events into the PET signal .

the exchange between the compartments. Unfortunately, most
tissue rate coefficients are unknown. In fact, the dynamic PET
experiments are being designed to estimate those coefficients.
In other words the transfer function is unknown. More-
over, when developing models for newly-developed tracers the
number of compartments in tissue, thus the order of ,
is unknown. Assigning the exact and prior to the PET re-
construction is thus impossible. Furthermore, different regions
in the image are described by different kinetic parameters.

The time courses of the whole blood and plasma activity,
on the other hand, are generally obtained from blood samples.
From these measurements the transfer functions , ,
and can be approximated.

In designing the multiresolution decomposition of the signal,
we have built in a certain robustness against the selection of
and . However, the more accurately the parameters and
are chosen, the sparser the signal can be represented, which is
advantageous for the regularization.

Therefore, we select a and vectors that approximately
capture the important properties of transfer function . The
appropriate selection of and is a study-dependent process.
As a general rule, we recommend to avoid the use of high orders

so that the constructed wavelets are reasonably localized. In
all our experiments, we have used vectors with . The
vector should contain at least one 0, so that the E-spline wavelets
are able to reconstruct the baseline. Other ’s are chosen to
model the high frequency behavior. In our experiments we have
used one additional of multiplicity 2 which approximately
modeled the highest frequency we expected in our data. An
important observation is that the tissue signal will not contain
higher frequency components than the whole blood and plasma
signal and that the whole blood activity will play an important
role in the selection of the high frequency characteristics of the
parameter vectors. Finally, in all our experiments, we have set

and we did not investigate the influence of . A specific
example of parameter selection is considered next. The robust-
ness of the method with respect to parameter variations will be
illustrated in the examples Section VI.

Fig. 4. Cardiac imaging simulation experiment. TACs for the
different regions and slice of the NCAT phantom (31 cm 25 cm) with the
positions of the pixels used for the analysis.

D. Example: The Kinetic Model

We illustrate the parameter selection for a myocardial perfu-
sion study using -Ammonia PET. The corresponding spa-
tial distribution map and time activity curves are shown in Fig. 4.

This case is challenging as the image contains regions of
pure whole blood signal (the heart chambers) and tissue re-
gions where the transfer functions may be quite different.
Furthermore, myocardial perfusion studies are often performed
without arterial blood sampling. The time course of the left ven-
tricular activity is then taken as the blood input function for the
fitting of the tissue model to the data . Thus, neither

, nor are known prior to the reconstruction.
1) Whole Blood: The whole blood signal is well modelled

by [43]

(18)

with parameters (between 2–9), (between 0.5–0.11 ),
is reasonable small (no values given in [43]), and is scaled so
that the maximum of is approximately . The first term
is a gamma variate, the second term is the recirculation term.

In our case, we consider the TAC model
which corresponds to the impulse response of the

system with transfer function

(19)

In a first approximation, we cancel the terms
and , and approximate by a

constant in the frequency interval of interest. Thus, we select
the parameter vectors and .

2) Tissue Response: The tissue model is described by a two
compartmental model [43]. If we consider a pure tissue signal,
i.e., , then the transfer function for the tissue response
is given by

(20)

Equivalent differential system: L{y}(!) = e(!)

[Khalidov-Unser, IEEE TSP, 2006]

Exponential spline operator-like wavelets

wi[k] = !f, !i,k" = L f # "i!(2ik)

$ ”sparse” representation (because of deconvolution effect)

[Verhaeghe, VDV, Khalidov, Lemahieu, Unser; IEEE TMI, 2008]
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[13N]-NH3 NCAT phantom

spatio-temporal
regularization

space

time

temporal
regularization

no regularization
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Fig. 10. Temporal profile for a pixel located in the left ventricle. Reconstruc-
tions are for . Regularized reconstruction is for with
only temporal regularization. Mean regularized reconstruction is the mean over
all 10 pixel ROIs (Fig. 4) and over the 10 realizations. (a) Time activity curves
for the low counts study. (b) Time activity curves for the high counts study.

C. Clinical Data

Reconstructed transverse slices, 45, 285, and 1185 s postin-
jection, of the dynamic liver data are illustrated in Fig. 13. The
slice position is chosen so that the slice contains the liver, a
kidney and the injection site. A 30-min-long temporal slice
illustrated in Fig. 13. The reconstructions are obtained after
100 iterations and using tuning parameters , ,
and , respectively. As a comparison, a reconstruction
using nonuniform temporal frames without any additional
temporal regularization is shown. The individual reconstructed
nonuniform frames were postsmoothed with a Gaussian filter.
The FWHM of the Gaussian filter was chosen so that all recon-
structed images had approximately the same spatial resolution
at the injection site. Finally, the nonuniform frames were lin-
early interpolated to correspond to uniform time frames of 30 s.

From Fig. 13, the different noise levels and spatial resolution
of the different reconstruction can be appreciated. The recon-

Fig. 11. Reconstructed slices using different number of spatial decomposition
levels using E-spline wavelets with . Upper and lower
rows are spatial and temporal slices, respectively. The time and space locations
are indicated by the white bars.

Fig. 12. Reconstructed slices using different number of spatial decomposition
levels and tuning parameter using E-spline wavelets with .
Middle row are temporal slices. Time and space locations are indicated by the
white bars. Upper and lower spatial slices correspond with the upper (early time)
and lower (late time) bars in the temporal slice, respectively. Results in the third
column give a good compromise between spatial and temporal regularization.

structions using the E-spline wavelets have lower noise. While
for there is a low spatial resolution, the reconstruction
for and have resolution characteristics compa-
rable to the postsmoothed reconstruction.

Temporal profiles of single pixels are illustrated in Fig. 14.
The pixels are located in the injection site, the aorta, the liver,
and kidney. Note that for display we have scaled down the
TAC in the injection site by a factor 0.5. The profiles for
reconstructions using and are compared to
the postsmoothed reconstructions using the nonuniform time
frames. Again the different noise levels can be appreciated.

Transaxial and transverse slices of the reconstructions of the
gated data are illustrated in Figs. 15 and 16. The reconstruc-
tions are at 0% and 40% of the cardiac cycle and are obtained

[11C]-flumazenil brain phantom
Implementation: D3 algorithm

[Verhaeghe, VDV, Khalidov, Lemahieu, Unser; IEEE TMI, 2008]
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wavelet-regularized PET reconstruction

[18F]-FDG Data acquired at HUG in collaboration with Dr. Pierre Croisille, 16 gates, CT attenuation map compensated

[Verhaeghe, VDV, Khalidov, Lemahieu, Unser; IEEE TMI, 2008]
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Simulated parallel MRI experiment
Shepp-Logan brain phantom
4 coils, undersampled spiral acquisition, 15dB noise

Backprojection

Sp
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e
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ur
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r

!1 wavelet regularizationL2 regularization (CG)

[Collaboration with Matthieu Guerquin-Kern, NCCBI collaboration with K. Prüssmann, ETHZ]
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!1 wavelet regularizationL2 regularization (Laplacian)



FMRI statistical parametric mapping
fMRI time-series

realignment
& co-registration

anatomical
template

spatial
normalization

statistical
analysis

activation
maps

structural
scan

stimulation paradigm
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General linear model (temporal domain)

47

=
!

"#
!1

!2

!3

$

%& +

observed known unknown

!1 + !2 + !3

spatial
smoothing

general 
linear model inference

y = X!!! + e
Estimated weights
!̂!! = (XT X)!1XT y

Residual
ê = y !X!̂!!

Contrast
b = cT !̂!!; e.g., cT = [1 0 0]

t-value

t = cT !̂!!/

!
êT ê cT (XT X)!1c

N ! rank(X)
" #$ %

s
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spatial
smoothing

general 
linear model inference

 Many voxels to test at the same time, FP blow up
 Bonferroni correction too conservative (desired p-value / #test)
 SPM: Gaussian random field theory, requires smoothing!

0

10

20

30

4 5 6 7 8 910 12 14 16 18 20
FWHM [mm]

source: Brede database

#papers reported

1.8mm x 1.8mm

FWHM=6mm
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Wavelet-domain analysis
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 Standard analysis
 smoothing!

 Standard wavelet approach

 efficient exploitation of spatial correlations; increased SNR
 no loss of information (in contrast to Gaussian smoothing)
 multi-resolution structure can handle patterns at different scales

 Integrated spatio-wavelet framework

 inference on a pixel/voxel level (where it should be)
 advantages of wavelet-domain denoising
 increased sensitivity

Linear 
model Inference

[Ruttimann et al., IEEE-TMI, 1998]

Linear model InferenceAdaptive
denoising

Linear modelDWT

Smoothing

[Van De Ville et al., Neuroimage, 2004]

Inference



Wavelet-Based SPM

 WSPM: wavelet-based statistical parametric mapping
 compact representation of activity maps in wavelet domain

 increased SNR, powerful denoising
 theorem to put statistics on the voxel level

 high-spatial-resolution mapping using wavelets without 
pre-smoothing the data

 strong type I error control or false discovery rate
50

DWT
general 

linear model
adaptive 

thresholding DWT-1 inference

spatial DWT of

fMRI volumes

contrast of interest

residue

~ t-value-based reconstruction detection

[VDV, Seghier, Blu, Lazeyras, Unser; NeuroImage, 2007]
[VDV, Blu, Unser; NeuroImage, 2004]
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SPM FWE WSPM Bonferroni GLM Bonferroni

[VDV et al., IEEE JSTSP, 2008]

5% corrected
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SPM FDR

WSPM FDR

5% corrected



 Temporal wavelets tailored to hemodynamic signals
(BOLD fMRI)

 Inverse operator is typically ill-conditioned
 activelets = regularized multiscale version 

 Multiscale analysis of activity-inducing signal
 Signal recovery by sparsity-pursuing algorithm (minimize l1 norm) in 

activelet dictionary

Adapted temporal wavelets for fMRI

53[Collaboration with Ildar Khalidov]

activity-
inducing signal

system
measured 

signal

activity-
related 
signal

disturbance term

sparsifying
(multiscale)

operator

...H L = H!1



Adapted temporal wavelets for fMRI
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B-spline wavelets
activelets canonical HRF

Activelets
The scale-dependent mother wavelet !i = L!{"i}, where L is the operator and "i

a suitable smoothing function at scale i, makes up a basis
!
!i,k = !i(t! 2ik)

"
of

L2(R).
Exponential vanishing moments

# !

"!
tke"t!̃#i (t! t0)dt = 0.

Sparse representation of BOLD responses

Minimization of "y !Ww"2
2 + # "w"1 using iterative thresholding
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SUBMITTED TO TRANSACTIONS ON SIGNAL PROCESSING 16
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(a) Activelets with non-linear optimisation
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(b) B-spline wavelets with non-linear optimisation
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(c) Activelet Wiener solution
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(d) B-spline wavelet Wiener solution
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(e) Activelet-spline MMSE solution
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(f) B-spline MMSE solution

Fig. 5. Example of synthetic data: Activelets versus B-spline wavelets; non-linear wavelet, linear wavelet and linear MMSE

solutions. Thin line: original signal, dotted line: noisy measurements, bold line: estimation.
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Part II: Conclusion
 Universal applications of wavelets 

 Denoising
 Regularization (inverse problems such as deconvolution)
 Rely on sparsity in the wavelet domain

 point-wise operations (thresholding) become effective!

 Medical imaging can benefit
 Data reconstruction: microscopy, PET, MRI 
 Detection: functional MRI
 Exploration: functional MRI

 Current topics in wavelet research and “compressed sensing”
 Better wavelet dictionaries (frames): complex wavelets, curvelets, ...
 Faster reconstruction algorithms
 Automatic parameter adjustment (e.g., scale-dependent threshold)
 Addressing harder inverse problems
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